SINGULAR COHOMOLOGY RINGS OF UNIFORM MATROIDS:
COMBINATORICS AND LEFSCHETZ PROPERTIES

KYLE BINDER

ABsTrACT. The singular cohomology ring of a matroid is an algebraic invariant which generalizes the
Chow ring of a matroid. We study combinatorial and Lefschetz properties of the singular cohomology
ring of a uniform matroid. Combinatorially, we construct an explicit basis for the singular cohomology
ring in terms of Koszul homology. From this basis we derive multiple formulas for the Hodge numbers
of the cohomology rings that recover and extend known formulas for the Chow polynomials of uniform
matroids. We also use this basis to show that the singular cohomology ring of a uniform matroid
satisfies the quasi-projective strong Lefschetz property—a slight weakening of the Hard Lefschetz
property found in the Chow ring of a matroid.

1. INTRODUCTION

The singular cohomology ring of aloopless matroid M was introduced in [Bin26] as an extension
of the well-studied Chow ring of a matroid. Both algebraic invariants are defined via the smooth
toric variety Xs,, associated to the Bergman fan Zps of the matroid. The Chow ring of M is the
Chow ring A*(Xs,,) of the toric variety, while the singular cohomology ring of M is the singular
cohomology ring H*(Xs,,) of the toric variety. (All Chow and singular cohomology rings here
are taken with rational coeflicients.) As the cycle class map A®(Xy,,) — Hz'(XzM) is injective
for smooth toric varieties [Tot14]], the singular cohomology ring of M contains the Chow ring as a
subring.

At this stage there is still much to be discovered about these singular cohomology rings. In general,
we have vanishing results for the cohomology and a computation of the top-weight cohomology
[Bin26, Theorem 6.6], but we do not have formulas for the Betti numbers or even a description for
generators of the singular cohomology ring. The algebraic structure of the singular cohomology
ring is also not understood. One of the salient properties of the Chow ring of a matroid is that it
satisfies the Kdhler package, and in particular, has the Hard Lefschetz property for multiplication by
a generic linear form. It is not known whether the singular cohomology ring of a matroid also has
such properties.

The goal of this paper is to address these questions in the context of uniform matroids. Here, we
construct an explicit, combinatorial basis for the singular cohomology ring of a uniform matroid in
terms of Koszul homology, use these bases to produce explicit formulas for the Betti numbers (and
the finer Hodge numbers), and show that, even though Hard Lefschetz fails, the singular cohomology
ring of a uniform matroid satisfies the quasi-projective strong Lefschetz property.

Our results also provide useful information about the Chow rings of uniform matroids. For
example, the basis we construct for the singular cohomology ring of a uniform matroid restricts to
a new and combinatorially rich basis for the Chow ring. By studying the combinatorics of the basis
elements, we produce combinatorial proofs of several formulas for the Chow polynomials of uniform
matroids due to Hoster [Hos26|], Hameister, Rao, and Simpson [HRS21|], and Ferroni, Matthews,
Stevens, and Vecchi [Fer+24]. This suggests that the singular cohomology ring may be a useful tool
in studying the Chow ring of a general matroid.
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Let us now describe our main results in more detail.

1.1. Combinatorics of the singular cohomology ring of a uniform matroid. The Chow ring of
a loopless matroid on the ground set [n] = {1, ..., n} has a well-known combinatorial presentation
given by Feichtner and Yuzvinsky [FY04]:

Q[Zm]
(Sierxr = Lyeaxa i jelnl).

Here, Q[X)s] is the Stanley—Reisner ring of the Bergman fan. This is the ring generated by
indeterminates xr indexed by the proper, non-empty flats of M and subject only to the relation
xpxg = 0 whenever F and G are incomparable. Feichtner and Yuzvinsky also produce a basis for
the Chow ring using Grobner basesﬂ

The singular cohomology ring similarly has a combinatorial description. Let N(é be the character
lattice of X5,, tensored with Q. This vector space is spanned by elements £; — £; for i, j € [n]. We
then have the bigraded Koszul complex

ey A*(Xzy) =

Ki(QLEm)); = QlEmljm ® \ N

whose differential satisfies the Leibniz rule, with d(xr) = 0 and d(€; — €;) = Xicp XF — 2 jeG XG-
Taking homology produces an isomorphism of rings

Ho(K(Q[Zm])) = H* (X3,,)-
Moreover, the bigrading of the Koszul complex induces the weight filtration on H*(Xs,,) [Web04]]
H;(K(Q[Zm])); = Gry; H 7 (Xs,,),

and the Chow ring corresponds to Hy(K(Q[Zas])) and thus the associated gradeds Grgjl. H%Y (Xs,,).
Our first result in this paper is an explicit basis for the singular cohomology of uniform matroids.
We describe this basis using what we call retral and weakly retral chains of flats.

Theorem 1.1. The set

{ ]—[ Xp i Fis retral} U { l—[ Xp ® & : F is weakly retral and & is admissible to 9:}

FeF FeF
is a basis of Ho(K(Q[Zy, 1)) = H*(Xs,, ) as a Q-vector space.
We construct this basis in Section [3] using Grébner theory and an induction on rank. One of the
novelties of this result is that for » < n the toric variety Xy,, isnot proper. To this point, most work

on the cohomology of toric varieties has focused on the compact (and potentially singular) case.
Restricting to Ho(K(Q[Xy, ,])) produces a new basis for the Chow ring of a uniform matroid.

Corollary 1.2. The set

{l_l X Fis retral}

FeF
is a basis of A*(Xx,,) as a Q-vector space.

n their paper, Feichtner and Yuzvinsky use a slightly different presentation than what we use here. They include an
indeterminate for the maximal flat and quotient by the linear forms ;. r xF.
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Our second main result is to produce combinatorial formulas for the Hodge numbers—the dimen-
sions of the associated gradeds of the weight filtration—of the singular cohomology of U, ,,. This
is the subject of Section 4]

We will package the Hodge numbers of the singular cohomology of a matroid M in two ways.
The first is in terms of a Macaulay2 Betti diagrarrﬁ

o 1 2 3
0] Boo P11 B2 B33
1|Bo1 Biz P23 P3s
2 Bo2 P13 Poa Bs

where §; ; = dim H;(K(Q[Zp])); = dim Gr% H?*~i(Xy,,). The first column of the Betti diagram
displays the Betti numbers of the Chow ring.
The second packaging of Hodge numbers is with the bivariate Hodge—Poincaré polynomial

HPoiny, (w, x) = Z dim H; (K (Q[Zp])); - w'x/ = Z dim Gry); HY  (Xs,,) - wix/.
i i

It will often be convenient to break the Hodge—Poincaré polynomial into univariate refined Hodge—

Poincaré polynomials

Hj, (x) = Z dim H; (K (Q[Zp])); - &7,
j

whence
n—r

HPoiny, (w, x) = Z H?VI (x) - wix'.
i=0
Note that H?w (x) is the generating function for the ith column of the Betti diagram for the singular
cohomology ring and that H(I)\d (x) is the Chow polynomial (or Hilbert—Poincaré series of the Chow
ring) of M, which we will also denote by H,, (x).
The Chow polynomials of uniform matroids are well-studied and have numerous combinatorial
formulas. The following is only a partial list of results. (See Section {]for any undefined notation.)

Theorem 1.3. Let U, ,, be the uniform matroid of rank r > 1 on ground set [n]. Then
(1) [Hos26, Theorem 3]

Hy, (x)= ZH} (AnR) LRI

(2) [HRS21, Theorem 5.1]
xHy () = da(0),
(3) [[Fer+24, Theorem 1.9]

r—1

Hy, (%) = Z (7) di(x) - (1+x+--+x7770),

7=0

This is precisely the Macaulay2 Betti diagram for Q[X,/] as an Sym(NQ\;)—algebra.
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(4) [Fer+24, Equation (13)]
r—1r—j-1 n I’l—j—l
Hy, (x)=> > (D" ( )( )Aj(x> LxTmeh
. / J m
j=0 m=0
From the combinatorics of retral and weakly retral chains, we give combinatorial proofs for
(1)—(3) and rederive (4).
We also produce analogous formulas for the other refined Hodge—Poincaré polynomials.

Theorem 1.4. Let U, ,, be the uniform matroid of rank r > 1 on ground set [n]. Fori > 1,

(1) [TheoremH.9]
; S (n\ (n=RI-E\(n-r—¢ IR|-1
By, 0= 2 Z (AR)(r—LRJ—l)( i-1 )'x '
(2) [TheoremH.135]]

. r—1ln—-r—i+l n I’l—j—f ner—¢ i1
EU”L(X)=~ Z r=i-1 i1 di(x)-x )

(3) [Proposition4.18]]
r—1 .
HZ,,n(x)=(—1)"‘( ! )-x"]+Z<—1)“‘-f (7)( e )Aj(X)-x"f.
7=

i+r—1 i+r—j-1

1.2. Lefschetz properties in the singular cohomology ring of a uniform matroid. One of the
miraculous properties of the Chow ring of a matroid is that it acts like the cohomology ring of a
smooth projective variety even though the variety Xs,, is often non-proper and thus only quasi-
projective. Specifically, Adiprasito, Huh, and Katz [AHKI18| proved that A®(Xs,,) satisfies the
Kdhler package of Poincaré duality, Hard Lefschetz, and the Hodge—Riemann relations. A natural
question is the following.

Question 1.5. Does the singular cohomology ring of a matroid satisfy anything like the Kdihler
package?

Unfortunately, the Kéhler package itself quickly fails for the singular cohomology rings of ma-
troids. By [Bin26, Theorem 6.6], the Betti diagram for the singular cohomology of a rank r matroid
M on ground set [n] takes the form

01 - n-r-1 n-r
1 0 0 0
MDY . "
=111 = ... * u(M)

where asterisks indicate the locations of potentially non-zero entries. The dimension of the top-
degree singular cohomology is u (M), the Méobius invariant of M. For loopless matroids, u(M) > 1,
and often this inequality is strict. This immediately implies that Poincaré duality fails in general, as
the dimension the top-degree cohomology is not 1. Hard Lefschetz, which implies Poincaré duality,
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thereby fails as well. Finally, as there is no degree map on the top-degree cohomology, we cannot
even define the Hodge—Riemann relations.

While there does not appear to be a way to salvage the Poincaré duality and Hodge—Riemann
relations aspects of the Kéhler package, there are weaker Lefschetz properties which the singular
cohomology ring may satisfy. We show in Section [5|that the singular cohomology ring of a uniform
matroid satisfies what we call the quasi-projective strong Lefschetz property.

Theorem 1.6. Let £ € Gr;v H? (Xsy, ,) be generic. Then the map

x4 Gr}fv H* (Xzy,,) — Gr'

k+2d
Jj+2d H (XZ

Ur,n)

is injective for 0 < d < r + j — 2k — 1 and surjective for d > r + j — 2k — 1.

Our proof uses the construction of our basis for the singular cohomology ring to deduce this
Lefschetz property from the Hard Lefschetz property of the permutohedral variety.

This strong Lefschetz property also has an interesting combinatorial implication: Each refined
Hodge—Poincaré polynomial Hi], . (x) has unimodal coefficients. In fact, using the formulas from

Theorem|1.4] we have verified that the polynomials Hijr . (x) have ultra-log-concave coefficients for
n < 230. This suggests these polynomials may be real-rooted.

Acknowledgements. This work was supported by NSF RTG grants DMS-2231492 and DMS-
2231565. We thank Christin Bibby and Eric Katz for helpful conversations.

2. BACKGROUND AND NOTATION

We assume that the reader is familiar with matroids and toric varieties, and we mostly set notation
here. We refer to [Oxl11] and [CLS11]], respectively, for further details.

2.1. Matroids and Bergman fans. Let M be a loopless matroid of rank » on ground set [n]. We
write (M) for the lattice of flats of M. A proper flat is flat of rank at most r — 1, and a hyperplane
is flat of rank exactly r — 1. We write & (M) for the set of hyperplanes of M. For a flat F € £ (M),
we write the restriction of M to F as M¥ .

Throughout this paper we will mostly be restricting ourselves to uniform matroids. For integers
1 <r < n, we write U, ,, for the uniform matroid of rank r on ground set [n].

Associated to M is arational fan in R" /R - (1, ..., 1) called the Bergman fan, Xy, ,. To construct
it, let N be the lattice Z"/Z - (1,...,1), and let ¢; be the image of the ith basis vector of Z" in
N. For a proper, non-empty flat F € & (M), define ep = };cf e;- The rays of X, are given by
pr = pos(er) for each proper, non-empty flat F. The higher-dimensional cones in X, are given by
chains of flats in Z(M): pos(pF,, ..., pPr,) € Zu if and only if (up to reordering) F| < --- < F.
Figure [T depicts Zy, ;.

2.2. Singular cohomology of smooth toric varieties. Let N be a lattice and Ng = N ® R. Given
a unimodular fan ¥ C Ny, we write Xy for the associated smooth toric variety defined over C. We
denote the character lattice of Xy by N¥ and define Né =N'®Q.

The singular cohomology of X5 (with rational coefficients) has a description in terms of the
Stanley—Reisner ring of X and Tor algebras.

Definition 2.1. The Stanley—Reisner ring of X is the quotient ring

Q[x, : parayin X]
2 =
QlZ] (Xp, =+ Xp, 1 pOS(p1,...,ps) & X).
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P2

P23

P13

FiGure 1. The Bergman fan of Us 3.

The rational embedding ¥ C Ny endows Q[X] with the structure of a Sym(Né)—algebra via the
map

N —QIZ]  m— Y muy) - x,,
p ray

where (—, —) is the pairing N¥ ® N and u,, € N is the primitive generator of the ray p.
Theorem 2.2 ([FF24]). If Xs is a smooth toric variety, there is a natural ring isomorphism
(Q[Z], Q). ,

where Q is the residue field of the maximal homogeneous ideal.

H*(X5.Q) = Tory """

The singular cohomology has the additional structure of the weight filtration
0=W;-1H' (Xs) € WiH'(X5) C -+ € Wy  H' (X3) € WaiH' (X5) = H'(X3).
By [Tot14], the weight filtration splits, and by [Web04], the associated gradeds correspond to the
bigrading of the Tor algebra
. Sym(NY)
Gry; HY ™ (Xy) = Tor, % (Q[Z]. Q).

We call the dimensions of the associated gradeds Hodge numbers.
One obtains a combinatorial description of the singular cohomology by computing the Tor algebra
from the Koszul resolution of Q. Let Q[X]; denote the space of degree i homogeneous forms.

Definition 2.3. The Koszul complex of Q[X] is the bigraded differential algebra

Ki(Q[E]); = Q[E]j- ®g /\ Ny

with differential d defined by the Leibniz rule, d(x,) = 0, and d(m) = ¥, (m,up) - x,. The
algebra structure is induced from the algebra structure on Q[X] and A°® Né.

Taking homology of the Koszul complex yields Koszul homology He(K(Q[X]))e, and we have
isomorphisms of graded rings

Gy I () = o™ Q121,20 = (K (@I,



SINGULAR COHOMOLOGY RINGS OF UNIFORM MATROIDS 7

2.3. Singular cohomology of matroids. The main object of our paper is the following.

Definition 2.4. For a loopless matroid M, the singular cohomology ring of M is the singular
cohomology ring of the toric variety Xx,,.

We use Koszul homology to work with these cohomology rings, and we adopt some notation for
our purposes.

The indeterminates of Q[Z,,] are in bijection with the proper, non-empty flats in & (M). For
a flat F with write xp for the corresponding indeterminate. The square-free monomials in Q[Xj/]
are in bijection with chains of proper, non-empty flats in & (M). For such a chain &, we define
xg = [lpes xF. Often we will want to consider chains containing the empty flat, so by convention
we define x¢p = 1 and extend the definition of xg to chains of proper flats.

For Xy, N(é is spanned by elements ¢; — ¢; for i, j € [n], where the {; form a dual basis to the
canonical vectors ¢; € Z".

We now give some explicit examples of computations in the Koszul complex.

Example 2.5. For U ,, Q[Zy,, ] = Q. Therefore K, (Q[Zy,,]) = A* Né with trivial differential,
and H.(Q[ZUI);«L]) = /\. N(é

Example 2.6. For U, 3, Q[Zy, , ] % By [Bin26, Lemma A.5], we can restrict to the

quasi-isomorphic square-free Koszul complex with generators
Loxy,x2,x3, (61 = &), (G2 = 63), (61 = ) A (2= 63), %1 ® (L2 — 63), %2 ® (61 — 63),x3 ® (61 — &o).

The only non-zero differentials are d (€1 —6>) = x1—x2, d({a—£3) = xo—x3,and d(({1—C2) A (6—3)) =
x1® (L —=0) —x2® (6 = 63) +x3® (6 — b).
Therefore, H.(Q[EUZJ]) has a basis 1, x3, xo ® (€1 — 63), x3 Q@ ({1 — £2).

IR

Example 2.7. Take the element @ = x2x235 ® ({3 — €5) A ({1 — €s) € K2(Q[Zys])4. We compute
its differential to be

d(a@) = x2x23%235 ® ({1 — g) —X2x25X235 ® (€1 — Lg) —X2X235X1235 ® (€3 — €5) + X2X235X2356 ® ({3 — {5).

On the other hand, the chain 8 = x3x1234 ® ({5 — {s) € K1(Q[Zy;4])3 is a cycle.

3. A BASIS FOR THE SINGULAR COHOMOLOGY RING OF A UNIFORM MATROID

In this section we construct an explicit, combinatorial basis for the singular cohomology ring of
a uniform matroid in terms of Koszul homology H.(K(Q[Zy, ,])).

3.1. Retral and weakly retral chains. We describe our basis for the singular cohomology ring in
terms of retral and weakly retral chains of flats in & (U, ,) which we define here. Roughly speaking,
the retral property is a maximality condition which is enforced on each covering relation appearing
in the chain. The weakly retral condition is the same, only it is not enforced for hyperplanes covering
another flat.

Definition 3.1. For proper flats F, F’ in £ (U, ), we say that F’ covers F if F < F’ and there
isno F”’ € (U, ) with F < F” < F’. Moreover, F’ is the maximal cover of F if F’ is the
lexicographically largest flat which covers F. As F’ \ F is a singleton whenever F’ covers F, this
last condition is equivalent to max([n] \ F) = F’ \ F.

For notation, we will always assume that a chain of proper flats in £ (U, ,,) contains the empty
flat. We also write max (%) for the maximal element in .



8 KYLE BINDER

Definition 3.2. Let # = {0 = Fy < F; < --- < Fy} be achain of proper flats in £ (U, ,), and extend
notation so that Fy; = [n]. We say that F is retral in £ (U, ) if, forall 1 <i < s, F; covers Fi_;
if and only if F; is the maximal cover of F;_; in S(Uff,f‘ .

Example 3.3. Below is the set of all retral chains in &£ (Us 4).
0,
0<4, 0<12,0<13, 0< 14, 0 <23, 0 <24, 0 < 34,
0<4<34

We note that all chains 0 < F for rk(F) = 2 are retral as there are no covering relations in the chain;
therefore, the maximal cover condition is vacuous.

Example 3.4. The chain 0 < 3 < 123 < 1235 is a retral chain in £ (Uss). Note, however, that 3
is not the maximal cover of @ in &£ (Us s5). The maximal cover condition only requires that 3 be the

maximal cover of ) in £ (U 51 253 .

For a chain of proper flats containing a hyperplane, we will remove the maximal cover condition
on the hyperplane to define weakly retral chains.

Definition 3.5. Let & = {0 = Fy < F| < --- < F} be a chain of proper flats in £ (U, ;) such that

max(F) = F; is a hyperplane. We say that & is weakly retral in £ (U, ) if, forall 1 <i < s, F;

covers F;_; if and only if F; is the maximal cover of F;_; in & (UE il

Example 3.6. The weakly retral chains in £ (U3 4) are
0<12, 0<13, 0<14, 0 <23, 0 <24, 0 <34,
0<2<12,0<3<13,0<4<14,0<3<23, 0<4<24, 0<4<34.
Note that, even though 0 < 4 is a retral chain, it is not weakly retral as it does not contain a
hyperplane.

For a proper, non-empty flat ', we define retral and weakly retral chains of flats in £ (U f n)-

Definition 3.7. A chain of proper flats & in .[:(UE ) 1s retral (weakly retral) if and only if it is
the image of a retral (weakly retral) chain of & (U|F|,|r|) under the unique lexicographic-order
preserving isomorphism Ug|, || — UE .

We need one final definition before describing our basis for the singular cohomology ring.

Definition 3.8. Let & be a weakly retral chain in £ (U, ,) containing the hyperplane max(%). A
pure wedge & = (£, — Co) A+ A (Lu;, — Cy;) € N° Ny is admissible to F if:

(1) Each u,, and v,;, is in [n] \ max(&F).

(2) uy < --- < u;,and for all m, v,, is the successor of u,, in the ordered set [n] \ max(F).

(3) If max(&) covers F € F, then u; is less than the single element of max(F) \ F.

We note that condition (1) ensures that xg ® £ is a cycle in the Koszul complex, and condition
(2) ensures the collection of admissible wedges to F are linearly independent. Only condition (3)
has non-trivial content for describing our basis.

Example 3.9. For the weakly retral chain & = {0 < 4 < 24} in £ (U3.4), the only admissible wedge
is (¢; — ¢3). On the other hand, the weakly retral chain & = {0 < 4 < 14} has no admissible wedges.

Example 3.10. If & is a weakly retral chain in £ (U, _,), then there are no admissible wedges. This
is because [n] \ max (%) is a singleton, so conditions (1) and (2) cannot be simultaneously satisfied.
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3.2. A basis of the singular cohomology ring. We now describe and construct our basis for the
singular cohomology ring of a uniform matroid.

Theorem 3.11. The set
{xg : Fisretral} U{xg ® & : F is weakly retral and & is admissible to F}
is a basis of Ho(K(Q[Zy, ,])) = H*(Xx,, ) as a Q-vector space.

We will prove Theorem through the following five lemmas, inducting on r. We start with
the base case.

Lemma 3.12. Theorem holds in rank 1.
Proof. From Example H.(K(Q[Zy,,])) = A* Ng. The chain @ is the only weakly retral chain

(it is also retral), and the wedges which are admissible to () form a basis of /\>0 Né. O

For the inductive step of the proof, we use the truncation exact sequence
2
o D H(KQIStpm)D); = Hi(K(QIZy, D)1 = Hi(K(QIZu,,, 1)je1 = -+

HeZ (Ur,n)

where the subfan St(pg) = {0’ € 2y,, :pos(o,pH) € ZUM} is the closed star of pgy. The exact
sequence is induced by applying Koszul homology to the exact sequence of Sym(Né)-algebras

0- P abien)] —5Q[zy,,] - Ay, ,,] — 0.
HeZ (Uy,n)

We will write the connecting homomorphism as

82 Hi(K(Q[Zu,,,,1)); = €D Hi-1(K(Q[St(pm)]))j-1-
H

The inductive hypothesis provides bases for H;(K(Q[Xy,_, , ])); and each Hi(K(Q[§(pH)]))j
which we describe in Lemma In Lemmas and we use these bases to compute
a Grobner basis for the image of the connecting homomorphism ;. We describe the standard
monomials for coker ¢; in Lemma|3.18] and these produce the basis for Theorem|3.11

Definition 3.13. For a hyperplane H € % (U, ), define Py ¢ \™° Né to be the set of pure wedges
&=y, — ) N+ A (L, —1y,;) such that

(1) Each u,, and v,, isin [n] \ H.

(2) uy < --- < u;, and for all m, v,, is the successor of u,, in the ordered set [n] \ H.

Lemma 3.14. Assume that Theorem[3. 11l holds in rank r — 1. Then
{xg ®&: Fisretral in Z(Ufn) and ¢ € PH}
is a basis for H,(K(Q[St(px)])), where H € Z(Uyr ).

Proof. By [Bin26, Lemma A.3], H.(K(Q[St(pr)])) = H.(K(Q[St(pr)])), where St(pg) is the
star of py in Xy, ,, (see [CLS11, Definition (3.2.8)]). This isomorphism is induced by the natural
inclusion of complexes K.(Q[St(px)]) — K.(Q[St(pr)]). In our case, St(pg) = 20, 1,4 X0
in the product vector space Ng r X N{,)\x,r Where Ny g = span(e; : i € H)/ey and N[,\gr =
span(e; : i € [n] \ H)/e[,)\u. Therefore, K,(Q[St(pp)]) is isomorphic to the tensor complex
K.(Q[Zy,_,,_,]) ® A° NE/n]\H,Q’ with trivial differential on A°* NE/n]\H,Q . As Py forms a basis
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for N E/n]\ H.O’ the lemma follows from the Kiinneth formula and the basis for He (K(Q[XZy,_,,_,1))
described in Theorem i

For each H € Z (U, ), choose an arbitrary ordering of the basis elements from Lemma
Then extend this to an ordering of the basis elements of P ,; Ha(K(Q[St(p#)])) such that a basis

element of H.(K(Q[§(pH1)])) precedes a basis element of H.(K(Q[§(pH2)])) if and only if
Hy <iex H>.

We now study the connecting homomorphisms ¢; through Grobner theory. For a basis element
a of H;(K(Q[Zy,_, 1)), we are interested in the first basis element of Py Hi_1(K(Q[St(pr)]))
that appears in §; ().

i
Definition 3.15. For a basis element a = xg ® /\ (bu,, — bv,,) € Hi(K(Q[Zy,_, 1)), define

m=1

in(@) = x5 ® |\ (4, = 61,)) € Hi1 (K(@Q[St(pm)))).

m=2

where H = max(#) U u; is a hyperplane of U, .

Lemma 3.16. Assume that Theorem holds in rank r — 1. Then for each basis element
@ € Hi>o(K(Q[Zy,_, 1)), in(a) is the first basis element appearing in 6;(a).

Proof. We first show that in(«) is a basis element. Write ¢ = xg ® /\inzl(gum —¢,,) and H =
max (%) Uu; as above. By assumption, & is a weakly retral chain in & (U, _1 ), and we must show
that it is retral in & (Ufn). The only thing to check is the maximal cover condition for max(%). If
max(F) covers F € &, then u; < max(&) \ F by the definition of admissible wedges. The two
covers of F in & (Ufn) are therefore F'Uu; and max (&), and max (%) is the maximal one. Finally,
one immediately verifies that /\fn:z(fum -4,,,) € Pu.

We now show that in(«) is the first basis element appearing in 6; («). For a hyperplane H{, denote
the inclusion ¢y, : He(K(Q[St(pp,)])) — Py H.(K(Q[St(pg)])). Then §; is given by

Si(e) = ) (=1
m=1

lmax(F)Uuy, ()Cg ® /\ (fup - fvp)) ~ lmax(F)Uvy, (-x97 ® /\ (fup - fvp))] .

p*m pFm

By the definition of admissible wedges, in(«) is the only term in §; (@) involving max (%) Uu;. This
is the lexicographically minimal hyperplane involved in §; (). O

Lemma 3.17. Assume that Theorem holds in rank r — 1. Then a  in(a) defines an injective
map from basis elements of H;o(K(Q[Uy_1,,])) to basis elements of @ y; Hi—1 (K(Q[St(pm)])).

Proof. If « is a basis element of H;~o(K(Q[Zy,_,, 1)) with in(a) = xz ® /\inzz(fum - {,,,) in
Hi_l(K(Q[S_t(pH)]))., let u; = H \ max(&) and v the successor of u; in [n] \ max(%). Then we
find that o = x5 ® A},_; (bu,, — Cv,)- |

A consequence of Lemmas and is that, for i > 0,
{6i(a/) . a is a basis element of H,-(K(Q[ZUV_L"]))}

is a Grobner basis for im 6;.
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Lemma 3.18. Assume that Theorem [3.11] holds in rank r — 1. With respect to the above Gréibner
basis, the standard monomials for coker 6; are the following basis elements of H;—1 (K(Q[St(pu)])).
Fori> 1,

i—1
9 {xg ® [\ (upy = ) € Hit(K@QISUomD)| 5 0 2 1\ max ()

1. H does not cover max (%), or }

Heo (Uy.) m=1
Fori=1,
- 1. H does not cover max (%), or
Hew U, ) {xg € Ho(K(Q[St(pn)]) 2. H is the maximal cover of max(¥) in £ (U, ) } '
€ r.n

Proof. By definition, the standard monomials are the basis elements of B, He(K (Q[St(pr)])
which are not in(a) for any basis element @ € Hxo(K(Q[Zy,_,,1)). We will prove that the basis
elements of the form in(«) are precisely those not listed in the statement.

For notation, write @ = xg ® /\inzl(fum - {y,,) for a basis element of H;(K(Q[Zy,_, 1)), and
let H = max(F) Uu;.

Casei > 1: We have in(@) = x& ® /\inzz(fum -4,) € H;_1(K(Q[St(pr)])). Then H covers
max (%) and upy > H \ max(F).

Conversely, suppose we have a basis element xg ® /\inZZ(fum -¢{,,,) in Hi_1(K(Q[St(pr)]))
with H covering max (%) and u; > H \ max(%). Then define u; = H \ max(%). We claim that @ =
xg®Nb_y (Lu,, —Ly,,) is abasis element of Hy (K (Q[Zy,_, 1)) within(a) = xg ® AL _s (Cu,, —Cy,)-
To see that it is a basis element, note that max(F) is a hyperplane of U,_ ,, as it is covered by H, a
hyperplane of U, ,,. As F isretral in Ufn, & is weakly retral in U,_; ,,. The wedge /\in:1 (Cu,, —Cv,,)
is admissible to &, as if max(%) covers a flat F in &%, then max(%) \ F > H \ max(¥F) = u;
because F is retral in Urlfn. Finally, it is clear that in(@) = xg ® /\in:Z (Cu,, —v,,)-

Case k = 1: We have in(e) = x¢ € Ho(K(Q[St(px)])). Then H covers max(%), but it
is not the maximal cover of max(#) in £ (U, ,). In particular, max(&%) U v; is a cover that is
lexicographically greater than H.

Conversely, suppose that x is a basis element of Ho(K (Q[St(pg)])) such that H covers max (%)
and H is not the maximal cover of max(¥) in £ (U, ,). Let u; = H \ max(%), and let v; be the
successor of 1 in [n] \ max(%). This successor exists because H is not the maximal cover of #. We
claim that @ = xz ® (£, — {,,) is a basis element of H(K(Q[Zy,_, ,1)). It suffices to check that if
max(F) covers F in #, then u; < max(F) \ F. Suppose this is the case. As F isretral in C‘Z(Urh"n),
max (&) is the maximal cover of F in :Z(Ufn). This means that max(F) \ F > H \ max(#) = uj.

Clearly, in(a) = x% € Ho(K(Q[St(pr)])). m|
‘We now deduce our main result.

Proof of Theorem[3.11} Inducting on the rank r, the base case is Lemma [3.12] By Lemma
the connecting homomorphism ¢;: H;(K(Q[Zy,_, 1)) — By Hi-1(K(Q[St(pr)])) is injective
fori > 1. Fori = 0, the connecting homomorphism vanishes. Therefore, Ho(K(Q[Zy, ,])) =

Hy(K(Q[Zy,_, 1)) ® D, coker 6;. To get a basis, we pull back the basis for Hy(K(Q[Zy,_, 1))
and push forward the standard monomials from Lemma [3.18] One verifies that the basis elements
from the pull-back are

{xg | F retral, not containing a hyperplane},
and the basis elements from the push-forward are

{xg | & retral, containing a hyperplane} U {xg ® £ | & weakly retral and ¢ admissible to & } .
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Together, these elements form the desired basis. O

Corollary 3.19. The set
{xg. - F retral in Q(Ur,n)}

is a basis for the Chow ring A*(Xy,, ) as a Q-vector space.

Example 3.20. The Betti diagram for the singular cohomology of Us 4 is

1
0
6
3

N = O
—_— =[O

The basis we have given for He (K(Q[Zy;,])) is
0 1

0 1 -
x12 ® (63 = 04), x13® (6o — £4), x14 ® (L2 — 03),
x23 ® (01 = l4), x24 ® ({1 — £3), X34 ® ({1 — £2)

1 | X4, X12, X13, X14, X23, X24, X34

2 X4X34 x3x23 ® (€1 — €4), x4x24 ® ({1 — €3), x4x34 ® ({1 — £2)

arranged according to this Betti diagram.

4. COMBINATORICS OF RETRAL CHAINS

In this section, we study the combinatorics of retral and weakly retral chains in £ (U, ,). From
this we produce multiple formulas for the refined Hodge—Poincaré polynomials. When restricted to
the special case of Chow polynomials, these formulas give combinatorial proofs for results of Hoster
[Hos26], Hameister, Rao, and Simpson [HRS21], and Ferroni et al. [Fer+24].

4.1. Rank-selected retral chains. We first count retral chains whose flats are of specified rank.
This produces a combinatorial proof of a formula for the Chow polynomial of a uniform matroid
due to Hoster [[Hos26].

Definition 4.1. Let & be a chain of proper flats of £ (U, ). We define the ranks of & to be‘ the
subsetrks(%F) = {j € {0,...,r — 1} : F contains a flat of rank j}. Fori € rks(#), we write F" for
the flat in & of rank i.

Recall our convention that every chain & contains the empty flat.

Definition 4.2. Let R € {0,...,r — 1} be a subset containing 0. Define Cg (U, ) to be the set of
retral chains & in £ (U, ,,) such that rks(¥) = R.

For R € {0,...,r — 1}, partition R = R; U- - - LI Ry into its maximal consecutive subsets, ordered
so that min R; < min R;,;. Define the multinomial coefficient

n n
(AR) a (minR1 —0,min Ry —min Ry, ..., min Ry — min R;_

and the index | R]| = min R;.
One way to construct a retral chain & € Cgr(U, ;) is to choose an arbitrary chain of flats & with
rks(€) = {min Ry, ..., min R} and then uniquely extend using the retral condition.
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Lemma 4.3. Let R be a subset of {0, ..., r — 1} which contains 0, and partition R = Ry U- - -UR as
above. Given a chain of flats € € £ (U, ) with tks(€) = {min Ry, ..., min R}, there is a unique
F € Cr(Uy,) which extends .

Proof. A chain of proper flats # with rks(¥) = R is retral if and only if each sequence of
integers (FMinRj+1\ pminR; .. pmaxR;\ pmaxR;-1) jg decreasing and F™*Rj \ FmaxR;=1 equals
the maximal element of F™"Rj+1 \ FmaxR;—1 (here we use the convention that [n] = F™nRs+1),
This is satisfied if and only if (F™nRj*+1\ FminR; ... pmaxR;\ pmaxR;-1) i the sequence of the
(max R; — min R;) largest elements of F minRj1\ FminR; written in decreasing order. Therefore,
there is exactly one such # € Cgr (U, ,) which extends &, as & determines each F min R; O

The number of chains & € Z (U, ,,) with rks(€) = {min Ry, ..., min R} is given by (A’;). As a
consequence, we have the following count of rank-selected retral chains.

Proposition 4.4. Let R be a subset of {0, . ..,r — 1} which contains 0. Then |CR(Ur,n)| = (A';e).

The basis of Theorem thus gives a combinatorial proof, in terms of retral chains of flats, of
the following result of Hoster [Hos26, Theorem 3ﬂ

Theorem 4.5. Forr > 1,
_ L IRI-1
Hy, () = Z N (AR) o
.

4.2. Rank-selected weakly retral chains and admissible wedges. Our next goal is count the other
basis elements xg ® &, where F is a weakly retral chain in &£ (U, ) with prescribed ranks and ¢ is
admissible to F.

Definition 4.6. Let R be a subset of {0, ...,r — 1} which contains 0 and r — 1. Define Wg ; (U, .,,)
to be the set of pairs (%,&) such that & is a weakly retral chain in £ (Uy,,), tks(¥) = R, and
e N N(é is admissible to F.

Our method of constructing pairs (¥, &) € Wg ; (U, ;) is similar to our construction of elements
of Cr(U,.,) in that we will begin with an arbitrary chain & with rks(€) = {min R, ..., min R}.
However, this is not enough to uniquely determine (&, £) from &, as there is some freedom in the
choice of hyperplane of &, and & imposes few restrictions on & = /\fn: 1 (u,, = €v,,,). Our method
of determining elements (¥, &) € Wg_;(U,_,,) is outlined as follows:

(1) Choose an arbitrary chain & with tks(€) = {min Ry, ..., min Ry},

(2) choose u;,

(3) choose the hyperplane of &,

(4) choose the remaining us, ..., u;,
then extend to a unique pair (%,¢&). The choice in (1) will be arbitrary, but there will be some
restrictions in (2)—(4).
Lemmad.7. Let R be a subset of {0, . .., r — 1} which contains O andr—1. Partition R = R{U- - LRy
as above. Given

(1) a chain of flats € € L (U, ;) withtks(€) = {min Ry, ..., min R},

(2) aninteger 1 <€ <n—r—i+1,

(3) an (r — |R] — 1) element subset F C [n] \ GWR! with min F greater than the (th smallest

element of [n] \ GLR],

30ur indices differ by a shift from Hoster’s.
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(4) an (i — 1)-element subset I C [n] \ (GLR1 U F) with minI greater than the {th smallest
element of [n] \ GIR) and max I < max[n] \ (Gl U F),
there is a unique pair (¥ ,¢) € Wi (U, ) such that
(a) max(F) = FUGLR]
(b) F extends &,
(c) uy is the Lth smallest element of [n] \ GRJ,
(d) I =Aus,...,u;}.

Proof. Similar to the proof of Lemma.3| there is a unique weakly retral chain & with rks(%) = R
satisfying conditions (a) and (b). Conditions (c) and (d) uniquely determine & = /\fn:1 (L, —Cv,,),
as we must have u; < up < --- < u; and v, must be the successor of u,, in [n] \ max(%). Note that
the successor of u; exists because of the restriction in (4).

It remains to see that £ is admissible to % . Indeed, if F"~! covers F"~2in %, thenu; < F"~'\F"2
due to the restriction in (3) and condition (c). O

It is straightforward to see that every pair (#,¢) € Wgi(U,,) arises from Lemma for a
unique set of data &, ¢, F, I. The following counts the possible choices of &, ¢, F', and I above.

Proposition 4.8. Let R be a subset of {0, . ..,r — 1} containing 0 and r — 1. Then

n\ T n—|R|-O\(n-r—+¢
o3]S

=1

Summing over appropriate subsets R produces the refined Hodge—Poincaré polynomials.

Theorem 4.9. For 1 <i<n-r,

; it g n—|R|=C\(n—r—=4\ |g-
o, 55 L

RC{0,...,r—-1} €=l

4.3. Refined Hodge-Poincaré polynomials and derangement polynomials. In this subsection,
we give another way of constructing retral chains, this time through concatenation. This leads to
combinatorial proofs of results from [HRS21[] and [Fer+24]] which express the Chow polynomial
Hy, | (x) in terms of the derangement polynomials. We then obtain similar formulas for the other
refined Hodge—Poincaré polynomials.

Definition 4.10. Let D,, denote the set of derangements on [n]—these are the permutations in S,
with no fixed points. Recall that an excedence of o € S,; is an index i € [n] such thati < o (i). We
write exc(o-) for the number of excedences of o.

For n > 1, the nth derangement polynomial is

da(x) = Y X,

oD,
with dop(x) = 1 by convention.
For a chain of flats &, we define & ; = {F i:jierks(F)andi> j } and F_; similarly.

Lemma 4.11. Let j > 1 and suppose ¥ is a retral chain in £ (U, ) with j € tks(F) but
J—1¢r1ks(F). Then 0 < F; is a retral chain in £ (U, ,,) with mintks(F> ;) = j, and F.; is a
retral chain in Z(Uf’jn) with maxrks(F;) < j— L



SINGULAR COHOMOLOGY RINGS OF UNIFORM MATROIDS 15

The converse is also true: If 0 < F is a retral chain in £ (U, ,) with mintks(%> ;) = j and
F < is a retral chain in z Ul

) withmaxtks(F<;) < j — 1, then the concatenation F<; < Fj is
a retral chain in £ (U, ;).

Proof. The first statement is immediate from the definition of retral chains. The second statement
follows because F/ covers no flat in #; < & ;, so the maximal cover condition is vacuous. O

We use this construction to count retral chains in £ (Uy,»), yielding a formula for H;, (x). For
| .

the following, we use the convention that Hy, (x) =0andH;, (x) = ¢

Proposition 4.12. Forr > 1,

r—1

Hy ()= Z (j)ﬂ EN (x4 x"),

J=0

Proof. For j > 0, we claim that the generating function, with respect to length, for retral chains &
in £ (U, ,,) such that j is the maximal index with j € rks(F) and j — 1 ¢ rks(F) is

(j) Hy () (a4 4x"),

We begin with the edge cases of j = 0, 1. For j = 0, Lemma[4.3|implies that such retral chains are
determined by their length, which ranges from 0 to 7— 1. The generating function is then 1+- - -+x" 1,
which agrees with the claim by our convention for HU—],O (x). For j = 1, our convention that all
retral chains contain () implies the generating function is O which also agrees with the claim by our
convention for HUO,I (x).

For j > 1, Lemma implies that such & is determined uniquely by & ; and %_;. Note
that rks(= ;) is a consecutive sequence of integers, so Lemma implies that it is determined
by F/ and its length from 1 to » — j. On the other hand, F. j 1s a retral chain of & (U,F’ ') with
max rks(F.;) < j — 1. This is equivalent to a retral chain in £ (U;_; ;). Therefore, the generating
function is as claimed, and the result follows by summing over j. O

We now relate the Chow polynomials of uniform matroids to the derangement polynomials.

Proposition 4.13 ([HRS21, Theorem 5.1] and [Fer+24, Theorem 1.9]). The following formulas for
the Chow polynomials hold:

¥ Hy | ()= da(0)

r—1

n iy
HUr,n(x):Z()(J)d](x)(l+x++Xr -’)_
J_
Proof. Proposition applied to Up—1,n shows that {x - H;,  (x)}; satisfies the recurrence
n-2 n ‘
Ju(x) = Z (]) fi(x) - (x4 +x"1)
=0

which the family {d,,(x)}}7_, also satisfies by [JMS19, Corollary 4.2]. Asx-H;,  (x) = d,(x) for
n=0,1 wehavex -H, n(x) = d, (x) for all n.
Proposition yields the formula for Hy, (x) after the substitution d;(x) = x - HU,-_, i(x). m]
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4.3.1. Weakly retral chains and admissible wedges. A similar strategy of concatenation produces a
method for constructing pairs (%, &) of a weakly retral chain % and admissible wedge &.

Lemma 4.14. Let j > 1 and suppose that F is a weakly retral chain in £ (U, ,) with j € tks(F)
but j — 1 ¢ tks(F). Suppose also that ¢ is admissible to F. Then O < & j is a weakly retral chain
in £ (Uy,,) with mintks(Fs ;) = j, F<; is a retral chain in E(Uﬁ,) with maxrks(F.;) < j -1,
and & is admissible to 0 < F ;.

The converse also holds.

From this construction we derive a formula for the refined Hodge—Poincaré polynomials in terms
of the derangement polynomials.

Theorem 4.15. For 1 <i<n-r,

i _r—ln—r—i+1 n\(n—j—-€t\(n-r-¢ ) i1
H, 0= > | i1 J U

‘o = JjiI\r=j—-1 -1

[

Proof. For j > 0, we claim the generating function, with respect to length of chain, for pairs
(F,€) € Ugr Wg.i (U, ) such that j is the maximal integer with j € tks(¥) and j — 1 ¢ tks(F) is

n-r—i+l .
n\(n—j—-€0\(n—r—-+¢ i
O e ae KR

=1
Indeed, Lemma [#.T4]implies that such pairs are uniquely determined by (0 < F5;,£) € Wr i(Uy.»)

J

with R = {0,/,j+1,...,r — 1} and a retral chain ¥.; € & (Uf;’) with j — 1 ¢ rks(#.;). By
Proposition [4.8] the generating function for the former is
n_§+l (n) (n - f) (n -r- f) i
o~ \JN\r—j-1 i—1 ’
while the generating function for the latter is d;(x) - % by Proposition m The result follows by

summing over j. O

4.4. Recursive formulas for refined Hodge-Poincaré polynomials. The truncation exact se-
quence and Lemma provide a simple recursion for the singular cohomology of uniform
matroids. In this subsection, we use this recursion to produce closed formulas for the refined
Hodge—Poincaré polynomials.

Recall the truncation exact sequence

> P H(K@[Stpm)); = H{(K(Q[Zy, )01 = Hi(K(Q[Zu, ,,D)je1 = -

HEX (Uy.n)

with connecting homomorphism

0;: Hi(K(Q[Zy,_, 1) — @Hi—l(K(Q[§(PH)]))j—1-
H

Lemma [3.17)shows that §; is injective for i > 1, while &( vanishes trivially.
In order to get a recurrence for the refined Hodge—Poincaré polynomials, we first express the
dimensions of H;(K(Q[St(pg)])); in terms of Eulerian polynomials.
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Definition 4.16. The nth Eulerian polynomial A, (x) is the generating function for permutations in
S,, with respect to the number of excedences:

An(x): Z xexc((r)’

oeC,
and we set Ag(x) = 1 by convention.
Lemma 4.17. Fori > 0,

r-2
>, D dmH(K@QISUpr)])); ¥ = ( ! 1)(" . ) A1 ().

He (Urn) j=0
Proof. Lemma|(3.14|implies that

r—2
) — . (n—=r
> dim Hi (K (QIStpm)])); -+ = ( l. )H L,
j=0
for each H € %(Ur n). Itis well-known that H;, ~~ (x) = A,—i(x) (see [HRS21, Theorem 5.1]).
As |% Uy, n)| = ), the lemma follows. m|

For i > 1, the truncation exact sequence therefore provides the recurrence

t 0= (1[0

which produces the following formula.

Proposition 4.18. Fori > 1,

i n-1 n—j—-1
0= ot (270 +Z< o () A

Proof. The base case is H;,l (%) = (" !, and the result follows from induction on r. o

The case i = 0 is for the Chow polynomial, and we have the recurrence

EU,,noc):(rfl) () x+Hy () -HL (@) x,

which recovers the following formula of Ferroni et al.
Proposition 4.19 ([Fer+24, Equation (13) D. Forr > 1,

r—1r— .
Hy, (0= Z( 1)'"( )( ‘,j[])Aj(x)-xr-m-f-‘.

j=0 m=0
Proof. By induction and Proposition[4.18] one can show that

r—1 r—1r—j—
EUr’n(x) — Z(_l)m (Vln—q 1) My Z ( 1)m (I’L) (I’l ’_/)]1 1) Aj(x) .xm+l

m=0 j=1 m=0
The desired equation follows by taking the reverse polynomial of each side and using the fact
Hy, . (x) and A (x) are palindromic. m|

Example 4.20. We use these formulas to list the Betti diagrams for the singular cohomology of
loopless uniform matroids on ground set [5] in Table
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Us|[0 1 2 3 4 Ups |0 1 2 3 Uss | 0 1 2
1 4 6 4 1 0 |1 0 0 0 0|1 0 O
1|1 9 11 4 1 |11 20 10
2 |1 9 6

Ups | 01 Uss | 0

0 [1 0 0o [ 1

1|21 10 1 |26

2 |21 30 2 | 66

311 4 3126

4 1

TaBLE 1. Betti diagrams for the singular cohomology of loopless uniform matroids
on ground set [5].

5. LEFSCHETZ PROPERTIES

In this final section, we show that the singular cohomology ring of a uniform matroid satisfies a
slight weakening of Hard Lefschetz which we call the quasi-projective strong Lefschetz property.

5.1. Quasi-projective Lefschetz properties. We begin by recalling the weak and strong Lefschetz
properties for standard graded Artinian algebras. See [MN13] for a survey.

Definition 5.1. Let A® be an Artinian graded algebra and £ € A! a generic linear form.
(1) We say that A® satisfies the weak Lefschetz property (WLP) if
x0: Al —s AT
has maximal rank for all i € Zy.
(2) We say that A® satisfies the strong Lefschetz property (SLP) if
xt?: AT — AT
has maximal rank for all i, d € Z5y.

For a smooth, quasi-projective variety X, the singular cohomology ring H®(X) is Artinian, so
one can ask if it satisfies WLP or SLP. However, this will often fail when torus factors are involved.

Example 5.2. Let Y be a smooth, projective toric variety of (complex) dimension s, and consider
X =Y x (C*).
Hodge theory implies that for a generic ¢ € Grgv H?(Y), the map
xt?: H*(Y) — H**?4(y)
is injective for d < s — k and surjective for d > s — k. Therefore, H®(Y) satisfies SLP.

However, H*(X) does not satisfy SLP when ¢ > 2. Indeed, H*(X) = @Lo Hk“'(Y)@(i‘), SO
x5~k HR(X) — H?*~k+2(X) is neither injective on the subfactor H*(Y) — H>~**2(Y) nor
surjective on the subfactor H¥=2(Y)®() — H25-k(1)®() for2 < k < 5.

The weight filtration rectifies the situation. Now, Gr]W HK(X) = H*i(y )@(f*k), SO

x4 Gryv H*(X) — GrﬂZd H*24(x)

is injective for d < s + j — 2k and surjective for d > s + j — 2k.
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This example motivates using the weight filtration to define Lefschetz properties for quasi-
projective varieties.

Definition 5.3. Let X be a smooth, quasi-projective variety and £ € Grgv H?(X) ageneric hyperplane
class in the singular cohomology ring.

(1) We say that H*(X) satisfies the quasi-projective weak Lefschetz property (QpWLP) if

xt: Gr) H*(X) — Grf, H*2(X)

has full rank for all j, k € Zxg.
(2) We say that H*(X) satisfies the quasi-projective strong Lefschetz property (qpSLP) if
xt4: Gl H*(X) — Gr¥,, H*4(X)
has full rank for all d, j, k € Zsy.

5.2. Lefschetz in the singular cohomology ring of a uniform matroid. We now show that the
singular cohomology ring of a uniform matroid satisfies the quasi-projective strong Lefschetz prop-
erty.

Our proof uses the truncation exact sequence (2)) to bootstrap Lefschetz properties for the singular
cohomology of U, , from the singular cohomology of the permutohedral variety.

Lemma 5.4. For a hyperplane H € £ (U, ;) and generic { € Gr;V H2(X§(pH)), the map

d. ~W 1k w k+2d
xt®: Gr;j H (X§(pH)) — Grjg H ' (X§(pu))

is injective for 0 < d < r + j — 2k — 2 and surjective ford > r + j — 2k — 2.

Proof. By [Bin26, Lemma A.3], H® (X— ) = H* (Xsi(py)), s0 it suffices to consider Xg;(py,)-

St(on)
Now, Xsi(pp) = X5, X (CHn-IHI=1 Ag Xz, _,,_, is the permutohedral variety of dimension
r — 2, the result follows as in Example i

Now consider an arbitrary class ¢ € Grgv H Z(XZUM)’ and let £ denote its pull-back to X§(pH)

and £ its pull-back to Xy, _, - Interms of linear forms in the Stanley—Reisner ring, {z quotients out

the indeterminates xr such that F £ H and ¢ quotients out the indeterminates x for H € % (U, ,,).
The truncation exact sequence (2) produces commuting squares

W ook s W k-1
Gr H*(Zy,_,,) — @ Gr;_, H (X§(pH))

He (Ur,n)
\th’d \L@xf;_’l
Gt

k+2d 6 w k+2d-1
Vad B0 = D Gl B (X))
HeZ (Uy,p)

and

w k-2 W 17k
D o m 2 (xsy,,)) —— G H (X,

HeZ (Ur,n)
\Leax{’g led

w k+2d-2 w k+2d
P GV, HY (Xg(pﬂ)) —— G, HE (XZUM).
Hed Ur.n)
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Theorem 5.5. Let £ € Grgv H? (Xxy, ,) be generic. Then the map
de GI'W Hk (XZU ) N Gr]+2d Hk+2d(XZUr’n)

is injective for 0 < d < r + j — 2k — 1 and surjective for d > r + j — 2k — 1. In particular, the
singular cohomology ring of a uniform matroid satisfies gpSLP.

Proof. If j = k or r = n, this is a weaker statement than Hard Lefschetz for the Chow ring of a
matroid or the permutohedral variety, respectively. Therefore, assume j # k and r < n.
When 0 < d <r+j—2k -1, we use the first commuting square from above. We may find

le Grgv H "(qur+1 n) such that £ = {. By genericity, we may also assume each {y is generic. The

map & X ffl is injective by Lemma The horizontal maps are also injective by Lemma SO
x ¢4 is injective as well.

When d > r + j — 2k — 1, we use the second square. The map & X f;ll is surjective by Lemma
5.4, and the horizontal maps are surjective by Lemma This implies x¢¢ is surjective. O

Remark 5.6. This proof can be adapted to show that the conclusion of Theorem [5.3] holds for
any { € Gr2 HZ(XEU ) which is the pull-back of a class { from the ample cone of Iy (see

r+l,n
[AHK 18, Definition 4. 2]) The idea is that both fH and fH are in the ample cone of St(pp) for each
H € #(Uys1.) and H € # (U, ), respectively, by [AHK18| Proposition 4.4]. Then [AHK18]

Theorem 8.8] implies the conclusion of Lemma |5.4] holds for 4 g and ¢, 1, and the rest of the proof
follows verbatim.

A combinatorial consequence of the quasi-projective strong Lefschetz property is the following.

Corollary 5.7. The refined Hodge—Poincaré polynomials H’ (x) have unimodal coefficients.
Equivalently, the Betti diagram for the Hodge numbers of U, has unimodal columns.

In fact, we conjecture that a stronger statement is true.
Conjecture 5.8. The refined Hodge—Poincaré polynomials Hbr’n (x) are real-rooted.

Real-rootedness is known for the Chow polynomials by [BV25, Theorem 1.1]. As evidence for the
other refined Hodge—Poincaré polynomials, we have verified each Hi],. . (x) has ultra-log-concave
coefficients for n < 230 using Proposition |4.18|and a short Python scripf.
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